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Abstract

The use of power sum symmetric functions leads to Newton’s identities, which
relate the traces of various powers of A, the adjacency matrix of a graph, and the
coefficients of the characteristic polynomials. While it is possible to solve Newton’s
identities and generate the coefficients by recursion or, alternatively, to derive them
by sequential manipulations (yielding the explicit formulas), we show how the
results can be expressed using a combinatorial approach and relate the evaluation of
the coefficients to selected Young diagrams.

1. Introduction

The characteristic polynomial of a graph, Ch(x) = det (4 — Ix), where A4 is
the adjacency matrix of the graph and I is the identity matrix of the same dimension,
is one of the basic graph invariants. The characteristic polynomial, as well as spectral
moments, has an important property: the coefficients are integers, and can be related
to the enumeration of selected graph invariants. Interest in the characteristic poly-
nomial also stems from the fact that it may reveal some relationship between the
structure and the mathematical representation of the graph that can become obscured
in non-integer data, such as eigenvalues. Several schemes for obtaining the characteristic
polynomial have been discussed in the literature [1] and, in particular, it has been
suggested that approaches based on the evaluation of traces of powers of the adjacency
matrix are the most computationally simple [2]. In comparison, combinatorial
approaches based on the enumeration of selected subgraphs, the first contribution
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to which appears to have been made by Coulson [3] but subsequently completely
developed independently by several investigators [4], generally involve consideration
of a large number of small subgraphs. Sachs formulated most completely the approach
by showing that one need only consider subgraphs K, (isolated edges)and C,, (isolated
cycles), and various combinations of these. The difficulty is that the number of
components proliferates very quickly, and for graphs having a dozen or more vertices,
the procedure may already be too cumbersome. An alternative is to start with the
A matrix and its powers, either indirectly as in the so-called Krylov method [5] and
the Frobenius method [6], or in the more direct approach described by Frame [7],
to which Balasubramanian drew attention [2]. The method has already been used by
the French atronomer Leverrier in the 1980s, as pointed out by Trinajsti¢ and co-
workers [8]. This approach can be related to Newton’s identities, as recently pointed
out by Barakat [9]. It appears that this scheme based on the use of traces of matrices
has computational advantages, as discussed convincingly by Balasubramanian [2] and
Barakat [9]. In particular, Balasubramanian developed a computer program that gives
the coefficients of the characteristic polynomial for sizable graphs having over fifty
vertices and some twenty cycles.

2. Outline of the symmetric function approach

The basis for the method was known even to Newton {10}, who was involved
in solving the equations associated with the characteristic polynomial. Symmetric
functions of the roots of an equation are those functions in which all the roots are
equally involved, so that the expression is unaltered in value when any two of the
roots are interchanged [11]. The equations Newton considered can be written as [12] :
s, tp = 0
s, t pys; t 2p, =0
S t pys, t pys, t 3p, =0 1
S TP Sy T PyS, topys, t4p, =0

Here, the p, are the coefficients of the characteristic polynomial
Ch(x) = x" + p x" "'+ p,x""2+ . +p ,

and the s, are the traces of 4% [13]. The above equations need to be solved for all
the s, , and Burnside [12] gives the solution for the first initial s, :
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Observe that the very simply pattern of Newton’s equations (1) — which allows one
to write any line immediately from the previous one — has been lost in solving the
equations, and any pattern in eqs. (2), the solutions for the s, appear, at best,
complicated. Barakat [9] considers the solutions for the p, in terms of the s, obtain-
ing the following explicit forms:

2lp, = -,
3lpy = 25,
4'p, = —6s, * 3'8%
Stp, = 24s; — 20s,s,
6!p, = —120s, + 90s,s, + 4053 — 15s]
..... : 3)
9!py = 403205, — 259205, 5, ~ 201605, 5, — 181445, 5, + 90725, s
+ 151205, 5,5, + 224052 — 25205, 53
101p,, = = 3628805, + 2268005, s, + 172800s, s, + 151005 s,

2 2 _ _ 2

- 75600s6 syt 7257655 120960s5 $45, 5670034 \
2 3 2.2 5

- 50400s433 + 1890034 $5 + 25200s3 s5 94532 .

Again, any pattern to the solutions appears lost. It is disappointing that very simple
expressions involving both s, and p,, when solved for either the s, or p,, appear to
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no longer show the simplicity that the original equations possess. However, as we will
show, the above solutions for the p, do have a relatively simple form if one recognizes
the structural ingredients that are involved.

3. Structure of the coefficients

Let us first consider the terms appearing in the solution for p,, which can be
illustrated by considering p, . The following terms appear:

5100 S8 5y 59530 Se 54 Sasg’ Sg’ §5535, Sisz’ 8482’ S4s§’ S§ S%* sg :
It is not difficult to recognize the above terms as various partitionings of 10,i.e. 10 + 0,
8+2,7+3,6+4,6+2+2,5+5,5+3+2,4+4+2,4+3+3,4+2+2+2,
3+3+2+2,and2+2+2+2+2. The above are in fact all the possible partitionings
of 10, excluding those involving 1. In fig. 1, we depict the above partitionings using
Young diagrams [14] . The numerical values for the coefficients have also been included
in fig. 1. The question now is to consider whether there is some relationship between
the particular diagram and the magnitudes of the corresponding coefficients. It is easy
to see that the signs of the coefficients alternate just as the number of rows in the
Young diagram increases: the odd number of rows for p,, gives a negative sign (the
opposite is the case with pg, as illustrated in fig. 2). The only other apparent and
helpful observation is the fact that the magnitudes decrease as the number of rows
increases, or if the rows have less dissimilar “lengths”. This suggests that such terms
have fewer and fewer factors. Because the leading coefficient.can be recoginized as
10!/10, this suggests that we may have a simple recipe for deriving other coefficients by
dividing 10! by suitable other numbers. One immediately finds that 10!/8 .2 = 226800;
hence, the numbers 8 and 2, which characterize the partitioning of 10, also indicate
the factors. It is now easy to verify that this is indeed the rule for obtaining the other
coefficients, if no two rows have the same number of elements (boxes). In the case of
the partition 5 + 5, instead of 72576 we obtain twice this value. Likewise, for the parti-
tion 4 + 4 + 2, we obtain 10!/4.4.2 = 113400 instead of 56700. In the case that a
single term in the partition repeats itself three times (e.g. 4 + 2 + 2 + 2), we obtain a
number six times too large, which suggests an additional factor of 3! Indeed, as one
can verify for the partitions 3 +3 + 2 +2and2+2+2 + 2+ 2, when identical terms
appear in the partition we have to divide by the corresponding factorial, resulting in
10'/(3-3-2:2) (2" (2!) and 10!/(2+2-2-2-2) (5!), respectively. We can thus
formulate simple rules for the magnitudes of the coefficients of various characteristic
polynomials:
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Fig. 1. Young diagrams and the associated coefficients of 10!p,, decomposed into

factors governed by the form of the diagrams.
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CTT T 40320 = 91/9
[TTT] 25920 = 91/7-2
[T] 20160 = 91/6-3
18144 = 9!/5 -4

9072 = 91/5.2%.2!

it

15120 = 9!/4-3-2

2240 = 9!/3%.3!

2520 = 91/3.2%.3!

Fig. 2. Young diagrams and the decomposition of the coefficients of 9!p, .

RULE

n!p, is given by the sum of the terms derived from all possible partitionings
of n, excluding terms involving 1 as a component. Signs are determined by the product
of the parities of R and C, where R, C represent the number of rows and columns in
the associated Young diagrams. The magnitude of the term is determined by the
quotient k!/Zm"n!, where m is summed over all partitionings of k (excluding those
involving 1), and n gives the multiplicity (degeneracy) of the corresponding m.

With the above rule, one can write down the set of equations giving explicit
values for the p, by inspection, achieving again the simplicity of the original equations
of Newton.



M. Randic, Evaluation of the characteristic polynomial 151

Acknowledgement

I thank Craig C. Martens (Cornell University) for examining the manuscript and

suggesting valuable improvements in the presentation.

References

(1]

Recent papers include:

E.C. Kirby, J. Math. Chem. (in press);

E.C. Kirby, Croat. Chem. Acta (in press);

J.R. Dias, preprint (1986);

Y.-S. Kiang and A .-C. Tang, Int. J. Quant. Chem. 29(1986)229;

E.C. Kirby, Comput. and Chem. 9(1985)79;

M. Randid, SIAM J. Alg. Meth. 6(1985)145;

K. Balasubramanian and M. Randic, Int. J. Quant. Chem. 28(1985)481;

J. Brocas, Theor. Chim. Acta 68(1985)155;

R. Ramaraj and K. Balasubramanian, J. Comput. Chem. 6(1985)122;

K. Balasubramanian, J. Comput. Chem. 6(1985)656;

K. Balasubramanian, Comput. and Chem. 9(1985)43;

S. El-Basil, Theor. Chim. Acta 65(1984)191;

S. El-Basil, Theor. Chim. Acta 65(1984)199;

1. Gutman, MATCH 18

M. Randic, Theor. Chim. Acta 62(1983)485;

H. Hosoya and M. Randic, Theor. Chim. Acta 63(1983)473;

H. Hosoya and N. Ohkami, J. Comput. Chem. 4(1983)585;

K. Balasubramanian, Int. J. Quant. Chem. 21(1982)581;

K. Balasubramanian and M. Randic, Theor. Chim. Acta 61(1982)307;

M. Randic, J. Comput. Chem. 3(1982)421.

K. Balasubramanian, Theor. Chim. Acta 65(1984)49;

K. Balasubramanian, J. Comput. Chem. 3(1984)587.

C.A. Coulson, Proc. Camb. Phil. Soc. 46(1950)202.

L. Spialter, J. Chem. Docum. 4(1964)269;

M. Mili¢, IEEE Trans. Circuit Theory CT-11(1964)423;

H. Sachs, Publ. Math. (Debrecen) 11(1964)119.

A.N. Krylov, Izv. Akad. Nauk SSSR, Ser. 7 Fiz-Mat. 4(1930)491.

See: W.A. McWorter, Math. Mag. 56(1983)168.

J.S. Frame, as cited in: P.S. Dwyer, Linear Computations (Wiley, New York, 1951)
pp. 225 -235.

P. Krivka, Z. Jerifevi¢ and N. Trinajstic, Int. J. Quant. Chem. $19(1985)129;

M. Barysz, S. Nikoli¢ and N. Trinajstic, MATCH 19(1986)117.

R. Barakat, Theor. Chim. Acta 69(1986)35.

Isaac Newton, Arith. Univ. Tom II, Ch. 1IL

For some historical remarks and mention of F. Brioschi’s work (rediscovered by Waring),
see: T. Muir, Contributions to the History of Determinants 19001920 (Blackie & Son,
London, 1930).

W.S. Burnside and A.W. Panton, Theory of Equations, Vol. 1 (Dover Publications, New
York, 1956).



152

M. Randic, Evaluation of the characteristic polynomial

Matrix notation was only subsequently developed (by A. Cayley).

A. Young, Proc. London Math. Soc. 133(1901)97;

See also: D.E. Rutherford, Substitutional Analysis (Edinburgh Univ. Press, Edinburgh,
1948) for a more complete bibliography of A. Young’s work.



